arXiv: 1506.08695vl [gr-qc] 26Jun2015 


FRW in quadratic form of /(T) gravitational theories 


G.L. Nashed*i’2,3 


1 


Centre for Theoretical Physics, The British University in Egypt, El-Sherouk City, Misr - Ismalia Desert 

Road, Postal No. 11837, PO. Box 43, Egypt. 

^Mathematics Department, Eaculty of Science, Ain Shams University, Cairo, 11566, Egypt. 

^Egyptian Relativity Group, Egypt. 


June 30, 2015 


Abstract 

We derive asymptote solution of a homogeneous and isotropic universe governed by the 
quadratic form of the field equation of /(T) gravity. We explain how the higher order of 
the torsion can provide an origin for late accelerated phase of the universe in the FRW. The 
solution makes the scalar torsion T to be a function of the cosmic time t. We show that for 
the equation of state p = up with tu / — 1 the scale factor represent late phase of universe. 

We perform the cosmological studies and show how the quadratic form of f{T) effect on 
the behavior of these studies. 

keywords: late phase of universe, teleparallel gravity, accelerating universe, dark energy. 
PACS numbers: 04.50.±h, 98.80.±k 


1 Introduction 

The method of describing the gravitational interaction can be done in different ways, the main 
and best known is the Riemannian geometry as a tool for the formulation of this description. 
This is known as the theory of general relativity (GR) of Einstein [1]. 

Riemannian geometry is based on the differential geometry which deals with the so-called 
space-time as a differentiable manifold of dimension four, where one has the effect of the cur¬ 
vature and torsionless. There are other geometries that generalize this idea. A space-time may 
have curvature, but also torsion in their structure. There are two fundamental concepts in differ¬ 
ential geometry. The formulation of this type of geometry has been undertaken and gravitation 
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is known as Einstein-Cartan geometry [2]. In this theory the gravitational interaetion is de- 
seribed by both eurvature and torsion of spaee-time, where the torsion is eommonly attributed 
to the inelusion of spin, through fraetional spin fields. A very partieular ease of this theory is 
when we take the identieally zero eurvature, and then only have a spaee-time with torsion. This 
type of geometry is known as the Weitzenboek geometry [3, 4] where the torsion deseribes the 
gravitational interaetion. Various analysis ean be performed in this type of geometry, whieh is 
proven to be dynamieally equivalent to GR [5]. 

One extends gravity theory beyond general relativity is teleparallel gravity (TG). The birth 
of this gravity theory refers baek to 1928 [20]. At that time Einstein was trying to redefine 
the unifieation of gravity and eleetromagnetism by introdueing the notion of tetrad (vierbin) 
field together with the assumption of absolute parallelism. In this theory the metrie is not 
the dynamieal objeet, but one has a set of tetrad fields e“^, and instead of the well-known 
torsionless Eevi-Civita eonneetion of GR theory, one works with a Weitzenbok eonneetion to 
introduee the eovariant derivative [4]. Eurthermore, the role of eurvature sealar in GR is played 
by torsion sealar T in the TG. 

Reeently, in order to aeeount for the observed late time eosmie aeeeleration, the teleparallel 
Eagrangian density deseribed by the torsion sealar T has been promoted to a funetion of /(T) 
[7]-[l 1]. Indeed, /(T) theories ean be used to explain the eosmie aeeeleration and observations 
on large seales (e.g. via galaxy elustering and eosmie shear measurements [12]), but we must 
remember that sinee GR is in exeellent agreement with solar system and binary pulsar observa¬ 
tions [13], every theory that aims at explaining the large seale dynamies of the universe should 
reproduee GR in a suitable weak-field limit: the same holds true for /(T) theories. Reeently, 
solar system data [14, 15] have been used to eonstrain /(T) theories; these results are based on 
the spherieal symmetry solution found in [14], who used a diagonal tetrad. In this paper we fol¬ 
low the approaeh deseribed in [16] to define a “good tetrad” in /(T) gravity - that is eonsistent 
with the equations of motion without eonstraining the funetional form of the Eagrangian - and 
solve the field equations to obtain weak-field solutions with a power-law ansatz for an additive 
term to the TEGR Eagrangian, /(T) = T -f eT^. 

The main target of this work is to show how the quadratie form of /(T) gravity ean be 
useful in explaining the flatness and aeeeleration at late phase of our universe. Eor as is well 
known, eurrent observations of the present universe indieates that our universe now is almost 
spatially flat. This leads to exelude the elosed and open universe models. On the other hand 
the initial flat spaee assumption eontradiets the presenee of the strong gravitational field (i.e. 
the Riemann eurvature) as it should be! This eontradietion might be explained as the flatness 
problem of the standard eosmology. Aetually this problem has been overeome by the idea of 
an inflationary seenario during ~ 10“^® — 10“^^ see from the big bang. Eots of inflationary 
models have been proposed by using sealar fields. But to gain the benefits of both inflation 
and the standard eosmology the inflation should end at ~ 10“^^ see from the big bang. This 
needs slow-roll eonditions so that the inflationary universe ends with a vaeuum dominant epoeh 
allowing universe to restore the big bang seenario. So the inflation ean be eonsidered as an 
add-on tool rather a replaeement of the big bang [9]. Until now there are no satisfaetory reasons 
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for the transition from inflation to big bang. Our trail here to treat these problems starts by 
diagnosing the eore of the problem. We found that the eurvature within the framework of the 
GR may lead to these eonfliets, while introdueing new qualities to the spaee-time, as torsion, 
might give a different insight of these problems. 

The work is arranged as follows: In Seetion 2, we deseribe the fundamentals of /(T) gravity 
theory. We next show the eontribution of the torsion sealar field to the density and the pressure 
of the FRW models and neeessary modifieations in Seetion 3. Also we studied the ease of 
quadratie form of /(T) = T + eT^ for many kinds of fluids for flat spaeetime in Seetion 
3. We also investigate the eosmologieal behavior of the flat in Seetion 3. Moreover, we give 
the physieal deseriptions for the obtained results. In the flat universe and for the dark energy 
ce = — 1, the teleparallel torsion sealar field T and the /(T) appear as eonstant functions and the 
later might replace the cosmological constant, the universe shows an inflationary behavior as 
the scale factor R{t) oc e^^ where the Hubble parameter H is a constant. For ce 7 ^ — 1, we get a 
scale factor that describes late universe in Section 3. In section 4, we discuss the cosmological 
parameter for the flat case when ce 7 ^ — 1. Section 5 is devoted for summarizing and concluding 
the results. 


2 ABC of /(T) 

In the Weitzenbock space-time the fundamental field variables describing gravity are a quadru¬ 
plet of parallel vector fields [4] which we call the tetrad field characterized by 

= 0 , ( 2 . 1 ) 

where F^^i/ define the nonsymmetric affine connection 

( 2 . 2 ) 

with j, = dyhi^^ . Equation (2.1) leads to the metricity condition and the identically vanishing 
of curvature tensor defined by F^^^, given by equation (2.2). The metric tensor is defined 
by 

(2.3) 

with rjij = (-1-1, —1, —1, —1) is the metric of Minkowski space-time. We note that, associated 
with any tetrad field hi^ there is a metric field defined uniquely by (2.3), while a given metric 
does not determine the tetrad field completely; for any local Lorentz transformation of the 
tetrads hi^ leads to a new set of tetrads which also satisfy (2.3). Defining the torsion components 
and the contortion as 

(2.4) 

'space-time indices /i, • • • and 3'0(3,1) indices a,b, - ■ ■ run from 0 to 3. Time and space indices are indicated 

by p = 0,i, and a = (0), (i). 
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where the eontortion equals the differenee between Weitzenoek and Levi-Civita eonneetion, 
i.e., — {up\- The tensor is defined as 

drf. 1 ^ ^ (2.5) 

whieh is skew symmetrie in the last two indiees. The torsion sealar is defined as 

T = (2.6) 


Similar to the f{R) theory, one ean define the aetion of /(T) theory as 



1 

IGtt 


/(T) + £ 


Matter 



where h = \/^ = det (/i“p), (2.7) 


and we assume the units in whieh G = c = 1 and are the matter fields. Considering the 
aetion (2.7) as a funetion of the fields /i“p and putting the variation of the funetion with respeet 
to the field /i“p to be vanishing one ean obtain the following equations of motion [8, 17]. 

f{T)TT + [h-^h%dp /(T)^ - ^6;fiT) = (2.8) 


where Tp = /(T)t = f{T)TT = and T^p is the energy momentum 

tensor. 

The relation between the Rieei sealar and the sealar torsion is given by [18]-[25] 


R = -T- 2V^T%p. (2.9) 

Equation (2.9) implies that the T and R differ only by a eovariant divergenee of a spaee time vee- 
tor. Therefore, the Einstein-Hilbert aetion and the teleparallel aetion (i.e. Ctegr = / d'^xlelT) 
will both lead to the same field equations and are dynamieally equivalent theories. However, 
this term, divergenee term, is the main reason that makes the field equations of /(T) not in¬ 
variant under loeal Lorentz transformation. Let us explain this for some speeifie form of /(T). 
If 


f{R) = 


R + R:^ = [-T- 2V^T%] + [-T - 2V'^T%]^ 


= -T - 2V^TPpp + + 4 


^^TPppf + TVPRP 



( 2 . 10 ) 


The last two terms in the R.H.S. of (2.10) is not a total derivative terms and therefore are 
responsible to make f{R) = R+R^ when written in terms of T and not invariant under loeal 
Lorentz transformation in eontrast to the linear ease, i.e., the form of (2.9) . Same diseussion 
ean be applied to the general form of f{R) and /(T) whieh shows in general a different between 
the f{R) and f{T) gravitational theories that makes the field equation of f{R) to be of fourth 
order and invariant under loeal Lorentz transformation while /(T) is of seeond order and not 
invariant under loeal Lorentz transformation. 
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3 Cosmological Modifications of f(T) 


In this study, we attempt to apply the quadratie form of f(T) field equations to the FRW uni¬ 
verse. In this eosmological model the universe is taken as homogeneous and isotropie in spaee, 
which directly gives rise to the tetrad given by Robertson [26]. This tetrad has the same metric 
as FRW metric; it can be written in spherical polar coordinate (t, r, 6, (p) as follows: 


(hn = 


(1 
0 

0 

0 


0 


Lisin0cos0 L2COS0COS0 — 4r\/fcsin0 


Li sin 6 sin 0 
AR{t) 

Li cos 9 
4R{t) 


4ri?(t) 

L 2 cos 6* sin 0 + Ary/k cos ( 
ArR{t) 

—L 2 sin 9 
ArR{t) 


0 \ 

L 2 sin 0 + Ary/k cos 9 cos 0 
ArR{t) sin 6* 

L 2 cos 0 — Ary/k cos 9 sin 0 
ArR{t) sin 9 
y/k 

W) 

(3.1) 


where R{t) is the scale factor, Li= A + kr"^ and L 2 = 4 — kr'^-. Substituting from the vierbein 
(3.1) into (2.6), we get the torsion scalar 


T 


6k — 6R^ 
^2 ’ 


= - 6 




= -6H\i + n,), 


(3.2) 


where H{= ^) is the Hubble parameter and f2fc(= is the curvature energy density pa¬ 

rameter. This form of T, Eq. (3.2), would be able to give a proper reduced Lagrangian for the 
dynamics of the scale factor R{t), as a consequence of its independence on the radial coordinate 

^Tetrad (12) is a combination of the diagonal tetrad and so(3), i.e. 


ihf) = (A0) {h 

/ 1 0 


where 


(A0) = 


{hn, = 


\ 0 
(1 
0 
0 


0 


1 

R{t) 


V 0 


rR{t) 

0 


0 \ 


0 sin Q cos 0 cos Q cos 0 
0 sin Q sin 0 cos B sin 0 
cos 9 — sin 6 

0 0 

0 
1 


— sin^ 
COS0 
0 

\ 


R{t)r sin 6 
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r. This r-independent Weitzenbock invariant is consistent with the isotropy and homogeneity 
of the FRW cosmological models. The field equations (2.8) read 


T ° — 

/n — 


-R^f - l2R^fT 

4i?2 


(3.3) 


^2 ^3 4A:(i?2/r + - R^f - ^R\RR + 2iR)fT + 4:^R\RR - iR)f, 

- R - I3 - 4^4 

(3.4) 

where the EoS is taken for a perfect fluid so that the energy-momentum tensor is = 
diag(p, —p, —p, —p). Using (3.3), the perfect fluid density p is given by 


TT 


Airp 


Ry + uiRfT 

4/(2 


and using (3.4), the proper pressure p of the perfect fluid is given by 


(3.5) 


Airp 


4k{RyT + 12i?VTT) - Ry - ^R‘^{RR + 2iR)fT + ^m^{RR - lR)fTT 

4R4 


(3.6) 


Equations (3.5) and (3.6) are the modified Eriedmann equations in the /(T)-gravity in its gen¬ 
eralized form. 


3.1 The flat FRW dynamical equations 

Eet us assume that the background is a non-viscous fluid and also assume the flat case, i.e., 
k = 0. Then from (3.5) and (3.6) we get 


47rp 


Ry + UiRfr 

4/?2 


and using (3.4), the proper pressure p of the perfect fluid is given by 


47rp 


ASiR{RR - iR)fTT - AR^{RR + 2i?2)/^ _ R^f 

4R4 


(3.7) 


(3.8) 


Alternatively, we can study the torsion contribution to both p and p in the Eriedmann dynamical 
equations by replacing p ^ p + pr and p ^ p + pt, where p, pr, p and pt are the matter 
density, the torsion density, the matter pressure and the torsion pressure respectively. 
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3H^ = Snp -f SirpT, 


(3.9) 
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3qH'^ = -dvr (p -f 3p) - dvr (pr + 3 pt) , 


(3.10) 
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where q{= —^) is the deceleration parameter. In the above equation we take the general ease 
of a non-vanishing pressure p 7 ^ 0. It is elear that when Q and py = 0 the above equations 
reduee to the usual Friedmann equations in GR. We take p = Pc where pc is the eritieal density 
of the universe when it is full of matter. Substituting in equations (3.9) and (3.10) we get 


1 “ 1 “ 


(3.11) 

(p + 3p)/2 (pr + 3pT)/2 
^ 377V87r ^ 3iTV87r ’ 


(3.12) 

where = ^ = snysn represents the matter density parameter and = 

represents the torsion density parameter. 

_ Pt 

pc 

Pt 

In order to obtain the torsion eontribution pT and px, we rewrite equations 

(3.7) 

and (3.8), 

in terms of the Hubble parameter, as below 



47rp= ^{f + 12H‘^fT). 


(3.13) 

dvrp = UHH^fTT -[h + 3772 ) _ 1 /. 


(3.14) 


Substituting the matter density that is obtained by the f{T) field equation (3.13) into the FRW 
dynamieal equation (3.9), we get the torsion density 


PT = ^ - f/2 - . (3.15) 


The above equation ean be written in the form 


pT 


= 1 


so that the torsion density parameter is 


/ 


QH^ 


+ 2/t 


+ 


k 




Qt = 1 


/ 


6H^ 


+ 2/r 


(3.16) 


eomparing the above equation to equation (3.11) we get the modified matter density parameter 
as 

/ 




2/t- 


Similarly we substitute from (3.13), (3.14) and (3.15) into (3.10) we get 
-1 


Pt = 


Stt 


2H + 3H^ - f/2 - 2{H + 3H^)fT + 2AHH^fTT 


(3.17) 


(3.18) 
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The EoS parameter due to the torsion eontribution is thus 


PT~ ^ f/Q-{l + 2fT)H^ • 


(3.19) 


It is elear that cur = — 1 when H = 0 [27]. The torsion eontributes to the FRW model in a way 
similar to the eosmologieal eonstant. 

When /(T) takes the form 

f{T)=T + eT\ (3.20) 

equations (3.5) and (3.6) take the form 

47 rp =^[T + eT^ + 1277^(1 + 2eT)], 

Airp = 24HHh - (^H + 377^) (1 + 2eT) - ^[T + eT% (3.21) 

Using the equation of state 

p = ujp, (3.22) 

where 0; = —!, 0, 1/3, 1 for dark energy, dust, radiation and stiff matter respeetively. 


3.2 Dark energy case 

Using (3.21) in (3.22) we get for the u = —1 

247777^6 - 77(1 + 2eT) = 0. (3.23) 

The solution of the above differential equation has many possible eases: We exelude the ease 
of 77(7) is a eonstant as it gives a steady universe. By solving for the seale faetor 77(7) we get 

77(7) = e^, (3.24) 


where c is a eonstant of integration. Consequently, we ean evaluate 

T 77 := q := -1, Ut = ^ = -1. (3.25) 

be b^ye pr 

The solution gives an exponential expanding universe with a eonstant Hubble parameter, i.e. 
de Sitter universe^. So equivalently we have a vaeuum dominant universe whieh powered the 
inflation seenario. Reealling (3.20), we And the eoeffieient e of the higher order gravity 
eontributes to this inflationary phase. The eomparison of the results of (3.25) with the de Sitter 

is not allowed to put the parameter e = 0 in solution (3.24). This is because that when e = 0, Eq. (3.24) 
gives zero scale factor when c < t and infinite scale factor when c > t. Therefore, the parameter e has a finite 
value. 
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solution directly relates the coefficient e to the cosmological constant A by e = It is well 
known that at this early stage the cosmological constant has a value much larger than its present 
value. The discrepancy between the two values is about 120 orders of magnitude, this is called 
the cosmological constant problem. According to our analysis here; we expect the value of ot is 
very small ~ 10“^^ so that the quadratic contribution in the /(T) can be ignored. 

This case shows that both the matter and the torsion fluids having the same behavior where 
p = Pt = which is the density of vacuum. Also, the EoS parameters has been 

obtained as cu = ojt = —1. This case gives directly a de Sitter universe, where both matter 
and torsion act as a vacuum state in an indistinguishable behavior. Using (3.20) and (3.25) 
we get /(T) = — ^ ~ T. Interestingly, we find that the solution omits the second order 
contribution of the /(T) naturally and the /(T) is a constant, more precisely it acts just like 
the cosmological constant. This may explain why the two-fluid components have the same 
behavior. We saw that the choice of ce = —1 of the matter fluid constrains the torsion fluid to 
acquire the same behavior producing a pure vacuum universe which represents the key of the 
inflationary universe. Although the model does not address the cosmological constant issue, it 
succeeded to predict the exponential expansion of the inflation models. But it does not provide a 
mechanism to end the inflation period and resuming the big bang to radiation dominant universe 
era. 


3.3 Matter dominate case 


In this case we are going to solve (3.22) using (3.21) for the general case cu 7^ — 1. The exact 
solution has the form 


2 


R{t) = Cl 

(1 +Uj)(t - to) - 6e 

3(1+...;) 

s, 




matter 


ciR 


m? 


(3.26) 


where Ci is arbitrary constant of integration and R represent the present cosmic time, with an 

initial condition Hq = H (to)- The scale factor (3.26), represents the matter dominant epochs, it 

1 2 

1 2 3 


takes the values of 


4(t — to)/3 — 6e 


and 


(t - to) - 6e 


for radiation (cu = 1 /3) and dust 


(u = 0) states, respectively. This values asymptotically approach t^/^ and t^/^. The above limits 
show that the scale factor is dominated by matter at the late universe time. This is consistent 
with the late behavior of the scale factor that matches perfectly the radiation dominant, till 
the recombination at the radiation-dust equality (i.e. Eradiation = Rdust) where the universe 
is cooled enough to turn on the non-relativistic (dust) matter. The torsion density (3.15) and 
pressure (3.18) read 


4e 

37r( [1 4- ce] [t — to] — 2a)'^ ’ 


4e(l + 2u) 

37r([l 4-ce] [f — to] — 2a) 


(3.27) 
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Figure 1: Phase transitions in the late universe. The red line shows the behavior of Rm when 
the matter has been ehosen as a radiation , i.e. u = 1/3. The black line shows the behavior of 
Rm when the matter has been chosen as a dust, i.e. ce = 0. The initial values have been chosen 
as Cl ~ C2 ~ 10“^. The model parameter is chosen as e = 10“^. 



Figure 2: The evolution of density and pressure for radiation case. The initial values have been 
chosen as Ci ~ C2 ~ 10“^. The model parameter is chosen as e = 10“^. 
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4 Cosmological parameters 


The standard cosmology gives a set of parameters to study the evolution of the universe through 
the Hubble and the deceleration parameters, while the other parameters are called density pa¬ 
rameters allow studying the composition of the universe. We study some of these parameters 
correspond to the scale factor (3.26) and the assumed two-fluids which are given by the set of 
equations (3.9) and (3.10). So the Hubble parameter reads 


H{t) 


2 

3(1 -f a;)(f — to) — 6e 


(4.1) 


One can see that when the initial value to is chosen as the Planck time, the Hubble parameter 
counts a large value at this late time, while it decays at early time, limtt=oo = 0. Interestingly, 
the above expression shows a time dependent Hubble parameter capable to describe later matter 
dominant phases. Also, the deceleration parameter shows a consistent results with the above 
description. We evaluate the deceleration parameter as 



(4.2) 


The asymptotic behavior is consistent with the known results as g —?■ | or 1 when the EoS of 
the matter are chosen as (cj = 0) for dust or (cj = 1/3) for radiation, respectively. We evaluate 
the teleparallel torsion scalar as 


Tit) 


-24 

[3(1 + u)it - to) -6e]2' 


(4.3) 


We study when the matter is dust and radiation so the torsion EoS reads 


ujx — It 2cj, 


(4.4) 


where the asymptotic behavior of the torsion EoS approaches the values of ccr —^ 1 or ut —>■ 
5/3, respectively. 

Einally, we study the effective EoS ccgfr := Using the equations (3.13)-(3.15) and 

(3.18) we obtain 


^eff 


(4.5) 


The above limits show that the effective EoS turns itself to matter dominant phase with no need 
to slow-roll conditions. 


5 Concluding Remarks 

We have used a quadratic form of f{T) = T + eT^ field equations to the flat ERW universe, 
i.e., the sectional curvature k = 0, with a perfect fluid. This choice enabled us to amended the 
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Figure 3: The evolution of the Hubble parameter (4.1) indieates an early cosmie inflation. 



Figure 4: the deeay of the teleparallel torsion sealar field (4.3). 
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FWR differential equations. This adaptation is due to the torsion eontribution where the density 
and pressure of two fluids of matter and torsion reproduee TEGR as the parameter e —)> 0. We 
assumed the matter to be eontrolled by the equation of state. We have studied two eases of the 
matter ehoiees: 

i) The universe is assumed to be dominant by ADE with EoS a; = — 1. The solution provided 

c — t 

an exponential seale faetor R{t) = whieh fixes the torsion EoS to a value of ut = — 1. 
The standard eosmologieal study has given Hubble and deeeleration parameters as H = const. 
and q = —1. So this model is eonsistent with A de Sitter model. Also, we found that the ehoiee 
of cj = —1 implying that /(T) ~ T ~ A. Consequently, the eoeffieient e has been estimated 
as e = yIx ~ 10“^^ s^. So the model omitted the quadratie term anyways. We found that 
the model ean prediet an eternal inflationary seenario. Erom this ease we ean eonelude that 
the higher order of torsion aets as a eosmologieal eonstant and this is eonsistent with literature 
[ 10 , 11 ] 

ii) The universe is assumed to have an EoS u ^ —1. The solution provided a seale faetor, 

2 

whereas R oc t3(i+“) matehes perfeetly the matter dominant universe epoeh. The seale faetor 
matehes perfeetly the matter seale faetor announeing a matter dominant universe to showup. 
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